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Abstract 

In [5] , Dykema and Skripka showed the existence of higher order spectral shift func- 
tions when the unperturbed self-adjoint operator is bounded and the perturbations is 
Hilbert- Schmidt. In this article, we give a different proof for the existence of spec- 
tral shift function for the third order when the unperturbed operator is self-adjoint 
(bounded or unbounded, but bounded below). 
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^ 1 Introduction. 



Notations: Here, "H will denote the separable Hilbert space we work in; B{H), B P (H) 
\p > 1], the set of bounded, Schatten p- class operators in "H respectively with |.||. ||.|| p as 

i i the associated norms. In particular £>i("H) and ^("H) are known as the set of trace class 

| and Hilbert-Schmidt class operators in H. Let A be a self-adjoint operator in H with <j(A) 
>• as the spectra and Ea(X) the spectral family. The symbols Dom(A), Ker(A), Ran(A) and 
^ TrA denote the domain, kernel, range and trace of the operator A respectively. 

■ Let A (possibly unbounded) and V be two self-adjoint operators in 7-L such that V € 
^] Bi(H), then Krein [9] proved that there exists a unique real- valued L X (R)- function £ with 
support in the interval [a, b] ( where a = mmjinf a (A + V ), inf &(A)} and b = max{sup a(A+ 
V), sup cr(A)} ) such that 

Tr [<j> (A + V) - <j> (A)] = f 0'(A)£(A)dA, (1.1) 



X: 

c3 for a large class of functions (j) . The function £ is known as Krein's spectral shift function and 
the relation ( II. ip is called Krein's trace formula. In 1985, Voiculescu approached the trace 
formula ( II. ip from a different direction. Later Voiculescu [T3], and Sinha and Mohapatra 
(EU, P2]) proved that 

Tr [<j)(A + V) — <j) (A)} = lim Tr n [0 ((A + V) n ) - {A n )\ = [ 0'(A)£(A)dA, (1.2) 
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by adapting the Weyl-von Neumann's theorem (where 0(.) is a suitable function and 
(A + V) n ,A n are finite dimensional approximations of (A + V) and A respectively and Tr n 
is the associated finite dimensional trace). In [8], Koplienko considers instead <fi(A + V) — 
4>{A) — D^(f)(A)(V), where D^(j)(A) denotes the first order Frechet derivative of cf) at A pQ 
and finds a trace formula for this expression. If V G B2CH), then Koplienko's formula asserts 
that there exists a unique function rj G L 1 (M) such that 

/oo 
<p"(X)r](X)dX (1.3) 
-oo 

for rational functions with poles off KL In [I] , Koplienko trace formula was derived using 
finite dimensional approximation method, while Dykema and Skripka [5] obtained the for- 
mula (11. 3p in the semi-finite von Neumann algebra setting and also studied the existence of 
higher order spectral shift function. In ([5], Theorem 5.1), Dykema and Skripka showed that 
for a self-adjoint operator A (possibly unbounded) and a self-adjoint operator V G i3 2 ("H), 
the following assertions hold: 

(i) There is a unique finite real-valued measure u 3 on R such that the trace formula 
^{A+V)-<j>{A)-D^4>{A){V) - -DW<J>(A)(V,V)} = J w (A)^ 3 (A), (1.4) 

holds for suitable functions (j), where D^(p(A) is the second order Frechet derivative of (p at 
A pp. The total variation of z/ 3 is bounded by Jyll^HI- 

(ii) If, in addition, A is bounded, then is 3 is absolutely continuous. 

It is noted that there has been a more recent preprint by Potapov , Skripka and Sukochev 
[10] in which similar and further results have been announced. 

This paper is organized as follows. In section 2 , we establish the formula ( 1 1 . 4 j) for 
bounded self-adjoint case and section 3 is devoted to the unbounded self-adjoint case. 



2 Bounded Case 

The next three lemmas are preparatory for the proof of the main theorem of this section, 
theorem 12.51 

Lemma 2.1. Let, for a given ti£N, {a^Zo be a sequence of complex numbers such that 
a„-fc-i = a k . Then 

n—1 n—j—1 n j — l n—1 

j=0 k=0 j=l k=0 k=0 
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Proof. By changing the indices of summation and using the fact a n _£_i = a^, we get that 

n— 1 n— jr — 1 ra J — 1 n—1 n—1 n—1 j rt— 1 rt— 1 n— 1 j 

j=0 fc=0 j=l fc=0 j'=0 k=j j=0 k=0 j=0 k=j j=0 k=0 

n—1 n—1 n—1 n—1 n—1 n—1 

= Y a j + Y Y ak = Y a i + n Y ak = ( n + x ) Y ak - 

j=0 j=0 k=0 j=0 k=0 k=0 



□ 



Lemma 2.2. Let A and V be two bounded self-adjoint operators in an infinite dimensional 
Hilbert space U such that V G B 3 (H). Let p(X) = A r (r > 0).Then 



Tr 



(A + V) r - A r - D^(A r )(V) - -D^(A r )(V : V) 



1 2 „x „ s 

J2 ds dr Tr [VA r ~ k - 2 VA k - VA r - k ~ 2 VA k ] , 
k=o Jo Jo 



(2.1) 



where A T = A + rV and < r < 1. 



r-l 



Proo/. For X G p(A + X) - p(A) = £ ( A + ^T~ J_1 ^4 j and hence 

j=0 



p(A + X)- p{A) - A r -i~ x XAi 



<Y Y P+^ir^- 2 ii^iiPii fe ii^iipr, 

j=0 k=0 



r-l 



proving that D {1 \A r )(X) = £ AT'^XAK 

j=0 

Again for X, Y G B(H), 

D^((A + X) r )(F) - D^\A r ){Y) 

i — i i — i 
= ^(A + x) r ^ _1 F(A + X) J ' - ^ A r ~ j ~ 1 YA j 



3=0 3=0 

r—1 r—1 

= Y i( A + ^T _j_1 - a"- 1 - 1 } Y(A + xy + A'^^Y [(A + xy - A 1 } 

3=0 j=o 

r— 2 r—j—2 r-l j— 1 

j=0 k=0 j=l k=0 



leading to the estimate 
\\D^((A + X) r )(Y) - D^(A r )(Y) 

'r-2 r-j-2 r-l j-1 \ 

Y Y A r - j - k - 2 XA k YA j + Y ^2A r - j - 1 YA k XA j - k - 1 \\ = Odl^lH 

J=0 k=0 j=l k=0 J 

for ||X|| < 1, proving that 

r—2 r—j—2 r—1 j—1 

D®{A r ){X,Y) = Y A r - j - k - 2 XA k YA s + ^2 ^2A r - j - 1 YA k XA j - k ~ 1 . (2.2) 

j=0 k=0 j=l k=0 

Recall that A s = A + sV G B s . a ,('H) (0 < s < 1), and a similar calculation shows that the 
map [0, 1] 9 s i — > A r s is continuously differentiable in norm-topology and 

, r— 1 r—1 

Ts (A r s ) =J2 Ar s' j ~ lyA i = Y AA ' V * 1 '• 

i=o j=o 



Hence 



r 1 d 

{A + V) r - A r - D {1) {A r ){V) = / ds-^(A r s ) - D w {A r ) {V) 

Jo ds 

= I da^{A r -i- 1 VA? a -A r -i- 1 VA i )= j dsj^ f dr 4~ (A^^VA^) , 



j=0 " u j=0 

which by an application of Leibnitz's rule reduces to 

/l rs / r-2 r-j-2 r-l j-1 

ds driYl Y A r T ~ j ~ k ~ 2 vA k vAi+j2 Y Ar ^ XyAkyA ^ k ' x 
J° \j=0 k=0 j=l k=0 / 

and using ( 12. 2p . we get 

(A + V) r -A r - D^\A r )(y) - ^ 2 \A r )(V, V) 

/l pa r ~2 r-j-2 r-l j-1 

ds dr{Y Y A r - j ~ k ~ 2vA r VA i + Y Y K~ j ~ lvA ^ VA i~ k ~ 1 
^° j=0 k=0 j=l k=0 

r-2 r-j-2 r-l j-1 

~Y Y A r ~ j - k - 2 vA k vA j - y Y Ar ~ j ~ lyAkVAj ~ k ~ l }• 

3=0 k=0 j=l k=0 

(2.3) 



Let us denote the sum of the first and third term inside the integral in (I2.3P to be 

r-2 r-j-2 

h = Y^ [ Ar r~ j ~ k ~ 2 V ' A tV A t ~ A r - j - k - 2 VA k VA j ] 

j=0 k=0 

r-2 r-j-2 r-2 r-j-2 

= J2 [A r - j - k - 2 - A r - j - k ~ 2 ] VA k T VA j T + A r - ] - k ~ 2 V [A k - A k ] VA> T 

j=0 k=0 j=0 k=0 

r-2 r-j-2 

+ J2 A r - j - k ~ 2 VA k V [A{ - A j ] e Bi(H), 

j=0 k=0 

since V E B Z {U) and A k - A k E B 3 {U) Vr E [0, 1] and k E {0, 1,2,3, }. Thus by the 

cyclicity of trace , we have that 

r-2 r-j-2 

Tr(Ii) = J2 £ Tr [A r - k - 2 VA k V - A r - k ~ 2 VA k V] . 

j=0 k=0 

Again if we set the sum of the second and fourth term inside the integral in (12. 3p to be 

r-l j-1 

h = [A r T ~ j ~ 1 VA k VAi- k - 1 - A r -3- 1 VA k VA J - k - 1 ] e B 1 (H), 

j=l k=0 

a similar calculation shows that 

r-l j-l 

Tr(I 2 ) = Yl Tr [A r ~ k ~ 2 VA k V - A r - k - 2 VA k V] . 

j=l k=0 

By applying Lemma I27T] with n = r — 1 and a k = Tr [A r T ~ k ~ 2 VA k V — A r ~ k ~ 2 VA k V] and 
using the cyclicity of trace, we conclude that 

r-2 

Tr(L) + Tr(I 2 ) = r ^ Tr [A r - k - 2 VA k V - A r - k - 2 VA k V] 

k= r °_ 2 (2-4) 
= rj^ Tr [VA r - k - 2 VA k - VA r - k ~ 2 VA k ] . 

k=0 

Hence combining (12. 3p and ( 12. 4p . we get the required expression ( 12. ip . □ 

Lemma 2.3. Let B be a bounded operator in an infinite dimensional Hilbert space H(i.e. 
B E B(H)). Define M. B : Bi^H) 1 — > £>2("%) ( looking upon B^i^H) = H as a Hilbert space 
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with inner product given by trace i.e.{X,Y) 2 = Tr{X*Y} for X,Y G B 2 (%)) by Mb(X) = 
BX-XB; XeB 2 (U). Then 

(i) M.B is a bounded operator on H (i.e. Mb G B(H)) with M* B = Mb*- 

(ii) Ker (Mb) and its orthogonal complement Ran (Mb*) in H are left invariant by left 
and right multiplication by B n and (B*) n (n = 1,2,3, ...) respectively. 

(i n) U = Ker (M b) @ Ran (M b* ) ! 82(H) 3 X = X l ®X 2 , where X l G Ker (Mb) and 
X 2 G Ran (Mb*)- 

(iv) If Ker (Mb) = Ker (Mb* )> then Ker (.Mb) and Ran (Mb) are generated by their 
self-adjoint elements and for X G H, we have (X*) 1 = X{ and (X*) 2 = X 2 , where X = 
Xi © X 2 and X* = (X*) 1 © (X*) 2 are the respective decompositions of X and X* in %. 

(v) If Ker (M B ) = Ker (Mb*), then for X = X* e H, X = X 1 © X 2 with X 1 and X 2 
both self-adjoint. 

(vi) (a) For B = B* G B(H), Mb is self-adjoint in H and for X = X* G H, we have 
Xi = X{ andX 2 = X*. 

(b) For B — (A + i) _1 ( where A is an unbounded self-adjoint operator in %), Mb 
is bounded normal in H and for X = X* G %, we have X 1 = XI and X 2 = X 2 , where 
X = Xi © X 2 is the decomposition of X inl-L. 

(vii) (a) Let [0, 1] 3 t — > A T G B S J(H)( set of bounded self-adjoint operators inl-L) be 
continuous in operator norm , and let H 3 X = X iT © X 2r be the self-adjoint decomposition 
with respect to A T . Then t — > X iT , X 2r G H are continuous. 

(b) Let {vl T } Tg [o j i] be a family of unbounded self-adjoint operators in H such that [0, 1] 3 
t — > (At + i) -1 is continuous in operator norm. Then the conclusions of (vii) (a) is valid 
for the decomposition ofH with respect to B T = (A T + i) -1 . 

Proof. The proofs of (i) to (Hi) are standard and for (iv), we note that since Ker (Mb) = 
Ker (M b*)i X G Ker (M b) if and only if X* G Ker (M b) and hence for any X G Ker (M b) 
can be written as X = ( X+ 2 X * ) + i ( x ~ 2 f* ), proving that Ker (Mb) is generated by its 
self-adjoint elements. Similarly, by a similar argument we conclude that Ran (Mb) is also 
generated by its self-adjoint elements. 

Let X G "H, and X = Xi © X 2 and X* = (X*) 1 © (X*) 2 be the corresponding decompo- 
sitions of X and X* in "H. Then for any Y x = Y* G Ker (Mb), 

(X,Yi) 2 = (Xi,Yi) 2 = Tt{X*Yi} = Tr^Xr} = (Y 1 ,X* 1 ) 2 = (X{,Yi) 2 . 

But on the other hand, 

(X, Yi) 2 = Ti{X*Yi} = Tr{(YiX)*} = Tr{YiX} = (X*,Yi} 2 = ((X*)i,Yi) 2 



6 



and hence - X{, Y 1 } 2 = V Yi = G Ker (M B ), which implies that 

- X*,Y) 2 = V Ye Ker (.Mb), proving that (X*) x = X{. Similarly, by the same 
argument we conclude that (X*) 2 = X 2 - 

The result (v) and (vi(a)) follows from (iv) and (v) respectively. For (vi(b)), it suffices 
to note that any X G B 2 (H) commuting with (A + i) -1 commutes with the spectral family 
E A (.)oiA. 

For (vii(a)), since the map [0, 1] 3 r — > A4.a t is holomorphic, then ( using Theorem 
1.8, page 370, [7j ) we conclude that the map [0, 1] 3 r — > Po( r ) (where Pq(t) is the 
projection onto Ker(.MA r )) is continuous and since X\ T = P (r)X we get that the map 
[0, 1] 3 t — > X\ T is continuous. Similarly, since the map [0, 1] 3 r — > I — Po(t) is 
continuous and X 2r = (I — Pq(t))X then we conclude that the map [0, 1] 3 r — > X 2r is 
also continuous. 

Conclusions of (vii(b)) follows immediately from (vii(a)) since the map [0, 1] 3 r — > 



M 



(A T +i)- 



is holomorphic, and since M. 



(Ar+i)" 



is normal for each r. 



Remark 2.4. Let A and V be two bounded self-adjoint operators in an infinite dimensional 
Hilbert space H such that V G B 2 {H) and A T = A + tV (0 < t < I). Apply Lemma HO 
with B = A and A T respectively to get V = V\®V 2 = V\ T © V 2r , with Vj and Vj T (j = 1, 2) 
self-adjoint and therefore \\V\\l= ||Vi||§ + ||^||| = ||Vi T ||| + || V 2r ||^ V < r < 1. 

Theorem 2.5. Let A and V be two bounded self-adjoint operators in an infinite dimensional 
Hilbert space Tl such that V G B 2 {l-L). Then there exist a unique real-valued function r] G 
L l ([a, b}) such that 



Tr 



p(A + V)- p{A) - D^p(A)(V) - \d^ p {A){V, V) 



where p(.) is a polynomial in [a,b], a = [mf a(A)] — \\V\\, b 
J V (X)d\ = lTr(V"). 



p'"(\) V (X)dX, (2.5) 
= [supo-(A)] + \\V\\ and 



Proof. It will be sufficient to prove the theorem for p(X) = X r (r > 0). Note that for r = 0, 1 
or 2, both sides of (12. 5p are identically zero. We set A T = A + rV and < r < 1. Then by 
lemma 12.21 we have that 



Tr 



(A + V) r - A r - (A r ) (V) - -D {2) (A r ) (V, V) 



ds dr Ti [VA r ~ k - 2 VA* - VA r ~ k ~ 2 VA k ] 
k=o Jo Jo 
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r r 



- 1) f ds f dr Tr [V 2 T A r ~ 2 - V 2 A r ~ 2 } 
Jo Jo 



r-2 ! . (2.6) 

+ rJ2 ds drTi [V 2T A r - k ~ 2 V 2r A k - V 2 A r ~ k ~ 2 V 2 A k ] , 
k=o Jo Jo 

where we have also noted the invariance, orthogonality and continuity properties in Lemma 
1231 (ii) - (vii) and set V = Vi@V 2 = V\ T ®V 2t G B 2 (H) as in Remark El Using the spectral 
families E T (.) and E(.) of the self-adjoint operators A T and A respectively and integrating 
by-parts, the first term of the expression (12. 6p is equal to 



r(r — 1) 



1 ps pb 

ds dr X r - 2 Tr [V 2 T E T (dX) - V 2 E{dX)] 

Jo J a 

(r-1) fds rdr{X r - 2 TT[V 2 T E T (X)-V 2 E(X)} \ b x=a 
Jo Jo 

- I (r - 2)A r - 3 Tr [V 2 T E T (X) - V 2 E(X)} dX} 

J a 

- l)b r ~ 2 [ ds f dr Tr [V 2 T - V 2 ] 
Jo Jo 



pi rs rb 

2) ds dr X r - 3 Tr [V 2 E(X) - V 2 T E T (X)] dX. 

Jo Jo J a 



(2.7) 



Since V 2 G Ran(A^A), then there exists a sequence {V 2 (n) } C Ran(X A ) such that 
\\V 2 {n) - V 2 \\ 2 — >0asn — > oo and V 2 (n) = AY {n) - Y {n) A, for a sequence {Y {n) } C 
B 2 ('H). Similarly, for every r G (0, 1], there exists a sequence {V 2 { ?} C Ran(.M AT ) such that 
11^2-^ — V2-r||2 — >■ point-wise as n — > 00 and = A T Y^ — Y^A T , for some sequence 
c B 2 ('H). Observe that Yq and 1^ must be skew-adjoint for each n, since V 2 n ^ 
and can be chosen to be self-adjoint. Furthermore, by lemma |2~51 (vii)(a) } the map 
[0, 1] 3 r — )■ Vi T , V 2r are continuous. 

Hence the second term of the expression (12. 6p is equal to 

„1 fS r-2 

r 



[ ds f dr lim V Ti{V 2T A r - k - 2 V^ ) A k ~V 2 A r - k - 2 V 2 {n) A k } 
Jo Jo ^ 

r / / dr lim V / / X r ~ k ~ 2 fJ, k Ti{V 2T E T {dX)V 2 ^ ] E T {d^i) - V 2 E(dX)V 2 {n) E(dfi)} 

Jo Jo n ^°° £^ Q Ja J a 
pi ps pb pb 

r / ds / dr lim / / 0(A, //) Tr{y 2T £ r (dA)y 2 ( T n) £ T (^) - V 2 £(dA)V 2 (n) £(d//)}, 

Jo JO Ja Ja 



\r — 1 ,.r — 1 



where 0(A,/i) = — — if A 7^ ju ; = (r — l)A r if A = yU, and where the interchange 
of the limit and the integration is justified by an application of the bounded convergence 
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theorem. Furthermore using the representation of G Ran(A^A T ), the above reduces to 

»1 ps pb pb 

ds dr lim / / </>(A,/i) Ti{V 2r E T (d\) [A T Y {n) -Y {n) A T ] E T (dfi) 

) J n— >oo J a J a 



V 2 E(dX) 



AY {n) _ y(n) A 



E(dfi)} 



pi ps pb pb 

I ds dr lim / / (A 7 '" 1 - j/" 1 ) Tr{V 2T E T (dX)Y (n) E T (dfi) - V 2 E(d\)Y {n) E(dfi)} 

J n ~ J a J a 
ps pb 

ds / dr lim / A"" 1 Ti{V 2t [E T (dX),Y^] -V 2 E(dX),Y {n) }. (2.8) 
'o Jo n ^°° Ja L J 

Again by twice integrating by-parts, the expression in (12.81) is equal to 
ds f 'dr lim {A r_1 Tr (v 2r [E T (X),Y^] - V 2 \e(X), Y {n) ]) \ b x=a 

l)\ r - 2 Tr (V 2T [E t (X),Y^] - V 2 [£(A),y (n) ]) d\} 
1) / ds I dr lim / X r ~ 2 Tt{V 2t [E t (X),Y ( ^] -V 2 £(A),F (n) } dX 

Tr (V 2r [EM, yW] - F 2 [£?(/*), F (n) l ) cfa) }l 



o ./o 



— r r 



o Jo 



r — 

6 



o Jo 



r(r — 1) / (is / dr lim {A r 



vr-2 
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+ r(r - 1) / ds / dr lim / (r - 2)A r 
'o </o n ^ c 



r-3 



Tr ^[^.yW]-^ ^),^ ( 



(n) 



d/i ] dA 



o jo 
i 



-r(r-l)b r - 2 ds dr lim / Tr (V 2r [£ T (//), - V 2 [£(//), F c 



,(n) 



d/i 



r-3 



+ r(r-l)(r-2) / ds / dr lim / A 

Jo Jo n ^°° J a 

Next we note that by an integration by-parts, 



Tr (V 2r [EM,Y {n) ] ~ V2 E(fi),Yi n) ) dp ) dA. 



(2.9) 



Tr (yl - V 2 2 ) = lim Tr (v 2t V^ - V 2 V 2 (n) 
= lim [\tt(v 2t [E T (dfj),Y^] -V 2 \E(dij,),Yi n) ]) 

n -+°°Ja V L ' 

/iTr (V 2T [E T (fi),Y^] - V 2 \E(ri,Y {n) 



lim Tr(V 2r [Ar, y (n) ] -y 2 



(n) 



lim 

n— »oo 



6 

/x=a 



Tr(V 2T [EM,Y^]-V 2 E{^)X 



(n) 



The boundary term above vanishes and substituting the above in the first expression in (12.91) . 
we get that the right hand side of (12. 9p 



r r 



-l)b r - 2 [ ds f dr Tr (Vl - V 2 2 ) + r(r - l)(r - 2) [ ds I dr lim / A r - 3 ^" ) (A)dA, 

Jo Jo ^ " ' Jo Jo n ^°°Ja 



A 



where r^(A) = / Tr (V 2r [E T (ji),Y^] - V 2 E(fi),Y [n) ) 

a 

Hence 

r-2 „i 



r 



^ / ds / dr Tr [V 2T A r ~ k - 2 V 2T A k T - V 2 A r - k ~ 2 V 2 A k ] 

U ^ Q J0 JO 

pi ps pi ps pb 

r(r-l)b r - 2 ds dr Ti(V 2 T -V 2 ) +r(r-l)(r-2) / (is / dr lim / A r_3 7/£ ) (A)dA. 
Jo Jo "' " Jo Jo "^°°Ja 

(2.10) 



Combining (£7} and (12TTUD and since ||V||| = Tr (V 2 T + V 2 T ) = Tr (V 2 + V 2 ), we conclude 
that 



Tr 



(A + V) r - A r - D {l \A r )(V) - ^D {2 \A r ){V, V) 

pi ps pb 

= r(r-l)(r-2) / ds / dr / A r ~ 3 Tr [V^-E^A) - V 2 T E T (X)] dX 

Jo Jo J a 

pi ps pb 

+ r(r- l)(r-2) / ds / dr lim / X r ~ 3 r] { £\X)dX 

Jo Jo n ^°°Ja 

pi ps pb 

= r(r-l)(r-2) / ds / dr lim / A r " 3 ^ n) (A)dA 

Jo Jo "-^Ja 

= lim / (A r )'" r/ n )(A)dA , where 

J a 



t/(")(A) = fdsjdr r/^(A) and r/^(A) = [ Tr{lf 75(A) - V££ r (A)} + r/g°(A) 







the inter- 



change of limit and the r- and s- integral is justified by an easy application of bounded 
convergence theorem. Note that rj( n > is a real-valued function V n. 

Next we want to show that {r/™)} is cauchy in L 1 ([a, b}) and we follow the idea from [6]. 

A A 

For that let / G L°°([a,b]). Define #(A) = J f(t)dt and /i(A) = / g(fi)dfj,, then #'(A) = /(A) 

a a 

a.e. and h'(X) = g(X). Now consider the expression 



' /(A) W n) (A) - vi m) W] d\= f /(A) [^(A) - t£\\) 



dA 



J h"(\)dx Qf * Tr (v 2r [em, yw - y<™>] - v 2 [^(/i), y H - F (m) 



d/i 
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which on integration by-parts twice and on observing that the boundary term for A = a 
vanishes, leads to 



|6 

I X=a 



h'(b) I Tr (V 2T [EMiY {n) - y (m) } - V 2 [E(fi),Yi n) ~ ) dp 

- {h(\)Ti (v 2t [e t (\), - y^] - v 2 [e(\), Y {n) - y (m) " 

h(\)Tr (V 2r [E T (d\),Y^ - Y™] - V 2 [E{dX), Y^ - K (m) ])} 

= h'(b) J° Tr (V 2T [EM,Y^ - YW] - V 2 [E(fji), Y^ - Y^ m) ] ) d/i 

+ J" h{X)Tr (V 2r [E T (dX),Y^ - Y™] - V 2 [E(dX), Y^ - F (m) ] ) . 

(2.11) 

Next we use the identity 

Tr (V 2T V^ - V 2 vj n) ) =~f^ (V 2r [ErQi^YW] - V 2 [e^Y™]) dp 
to reduce the the above expression in (12. lip to 



g(b)Tr [V 2 [Vt ] - V 2 {m) 
But on the other hand, 

[h(A),Y^] 



2t 



t/M T/( m ) 
v 2t v 2t 



+Tr (V 2r [h(A T ), Y™ - Y^] - V 2 [h(A),Y {n) - y o (m) ] ) 



(2.12) 



6 rb 




h(X) - h(fj) 
X — ji 



E(dX)V 2 (n) E{dfx), and 



Tr ( V 2 



h{A),Y^ n) -Y^ 



f r h M^ Tr(v 2 E(dX) 

J a J a A - /i V 



y(n) _ y{m) 



and hence as in Birman-Solomyak ([2], [3]) and in [I] , 



E(dfi) 

(2.13) 



Tr ( V 2 



h(A),Y {n) -Y {m) ) < NMNI 



y (n) _ y(m) 



< (b-a 



oo V 2 



y{n) _ y(m) 



and hence 



r/(A) ^(A)-^r(A) 



(m) . 



dX 



< 2(6-0)11^ 



y(n) _ y(m) 



i.e. ||^)_^M|| Ll <2{b 



y(n) _ y{m) 



+ 



T/M T/( m ) 

v 2t v 2t 



r(n) T/ (m) 



T/W _ T/l 
|/ 2t K 2t 
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which converges to as n, m — > oo and V rG [0,1]. A similar computation also shows that 

1 s 

\\rfr\W < 2(6-0)11^111. Therefore {/ ds J dr rfr{\) = r/ (n) (A)} is also cauchy in L x ([a,b]) 

o o 

and thus there exists a function rj G L 1 ([a,6]) such that ||r/ n ) — r)\\ L i — > as n — > oo, by 
the bounded convergence theorem and hence also H^Hl 1 < (6 — a)||V||i- Therefore, 

rb i>b 

lim / A r ~V n) (A)dA = / X r - 3 r](X)dX and hence 

n — ^oo / / 
J a J a 



Tr 



(A + V) r -A r - D^\A r )(V) - ^ 2 \A r )(V, V) 



r(r-l)(r-2) / X r ~ A r]{X)dX. 



b 

r-3„ 



For uniqueness, let us assume that there exists 771, r) 2 G L x {\a, b]) such that 



p(A + V)- p(A) - DWp(A)(V) - \d® P {A)(V, V)] = f ' j/"(\) Vj {X)d\ 

£ .In 



Tr 

where p(.) is a polynomial and j = 1,2. Therefore 



/ p"\X) 77(A) dA = V polynomials and 77 = 771 — 772 G L 1 ([a,6]), 

a 

which together with the fact that J^r]i(X) dX = 772(A) dA = |Tr(F 3 ) (which one can easily 
arrive at by setting p(X) = A 3 in the above formula), implies that 

,6 

/ X r r)(X)dX = V r > 0. Hence by an application of Fubini's theorem, we get that 

J a 

/oo 00 1 POO 

e-' ltx 77(A) dA = — / (- iiA ) n rfA = °- 

Hence 

/■oo 

e" iU 77(A) dA = V t G K. 



OO 



Therefore 77 is an L 1 ([a, 6])- function whose Fourier transform fj(t) vanishes identically, im- 
plying that 77 = or 771 = 772 a.e. □ 

Corollary 2.6. Let A and V be two bounded self- adjoint operators in an infinite dimensional 
Hilbert space H such that V G B^i^i). Then the function 77 G L}(\a, 6]) obtained as in theorem 
\2.5\ satisfies the following equation 

[ f(X)ri(X)dX= [ ds [ dr [ [ Tr [VE T (dX)VE T (dfi) - VE{dX)VE{d^)} , 

J a Jo JO J a J a A — /J 

where /(A) , (7(A) and /i(A) are as in iae proof of the theorem \2. 51 
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Proof. By Fubini's theorem we have that 



f(X) V ^(X)dX= I ds I dr I /(A) Tr{VfE(\)-V? T E T (\)} + rg>{\) 

JO JO Ja 



dX. 



But 



/ f(X)Tr{V l 2 E(X)-V l 2 T E T (X)}dX= [ g\X)Ti[V 2 E{X)-VlE T {X)\dX, 

J a J a 

which by integrating by-parts leads to 

g(b) Tr [V? - Vl] + J b g(X)Tr [V? T E T (dX) - V?E{dX)] 
= gib) Tr [V? - V? T ] + Tr [V? T h\A T ) - V?h\A)] 



gib) Tr [V? - Vl] + [ [ 

J a J a 



b rb h(X)-h(n) 



X — jj, 



Tr [V lT E T {dX)V lT E T {dfj,) - V 1 E{dX)V 1 E{d^)\ . 

(2.14) 



Again by repeating the same above calculations to get (I2.12p and (12.131) as in the proof of 
the theorem 12. 5\ we conclude that 



/(A)C ; (A)rfA = ^(6) Tr V 2 V 2 m - V 2r V^ 



/ / h W ~ h M Tr 



A — ix 

Combining (12.141) and (I2.15P we have 



V 2T E T {dX)V^E T {dp) - V 2 E{dX)V 2 w E{dv) 



(n) 



(2.15) 



f{X) V W(X)dX 



Tr 



vl + \/ 2r v 2 ( r n) 



JO JO Ja Ja A — /i 



VE T {dX) ( y lr © V^) £r(d/i) - V£(dA) © V 2 {n) ) E(d^) 

(2.16) 



But by definition V 2 {n) ,V 2 { ? converges to V 2 ,V 2r respectively in ||.|| 2 and we have already 
proved that rj^ converges to rj in L 1 ([a, 6]). Hence by taking limit on both sides of (I2.16P 
we get that 

f(X)r)(X)dX= [ ds [ dr [ [ h ( X \ - k ^ Tr [VE T (dX)VE T (dfi) - VE(dX)VE(dfi)} . 

Jo Jo Ja Ja X — fl 

(2.17) 
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□ 



In the right hand side of (I2.17P we have used the fact that 

Var (gi n) - Q^j < \\V\\ 2 (\\V£ ] - V 2r \\ 2 + \\V 2 - ^ll) — > as n — ► oo, where 

^ n) (A x S) = Tr \VE T {A) (v lT © V 2 ( r n) ) E T {5) - VE(A) (vi © V 2 (n) ) E(5)j and 
g 2 (A x 5) = Tr [VE T (A)VE T (5) - VE(A)VE(5)} are complex measures on M 2 and 
Var — Q<2^ is the variation of — and also noted that ||g||Li P < (b — a 

3 Unbounded Case 



Theorem 3.1. Let A be an unbounded self-adjoint operator in a Hilbert space H and let 
(f) : R — > C be such that \4>(t)\ (1 + \t\) 3 dt < oo, where </> is the Fourier transform of 
(p. Then 4(A), D^<f>(A), D^<f>(A) exist and 



[D^cf>(A)] (X) 
[D®<KA)] (X,Y) = \ 



<j>(t)dt / dp e ipA Xe i{t -® A and 
Jo 



4>{t)dt f d(3 { I dv e ^ Xe i(P-u)A Ye i(t-P)A 

Jo Jo 

rt-P 

+ / dp e^ A Ye il,A Xe^- v)A }, 
Jo 

where X, Y G 62(H). 

Proof. That 4>(A) and the expressions on the right hand side above exist in B(H) are conse- 
quences of the functional calculus and the assumption on <f). Next 

/OO fOO ft 

0(t) [ e a < A+ *> - e iM ] dt = / i(t)dt I d(3 e^ A+x) iXe Kt -^ )A . 
00 J —00 Jo 

Therefore 

<t>{A + X)- <t){A) - i / 4>{t)dt j d/3 e^N^ 

0(f)dt f pt^^Ie'^' 5 )^ - e ^ A Xe l ^ A ] . 
-00 Jo 

Using the interpolation inequality 

\\ e W(A+X) _ e iM|| < 2 (!-^) (/?||X||) e (0 < e < 1), we get that 



0(A + X) - 0(A) - i / 0(t)di / d/3 e^x^t-m 

2 (l-e) 



00 Jo 

00 



< 



e + 1 



A' 



|e+l 



mi (i + Nr +2 a 



14 



which by virtue of the assumption on <j> implies that D^<j>(A) exist and that 

/oo pt 
j>(t)dt j dp e^ A Xe i{t ~^ A . Similarly for X,YeB{U), 
-oo J0 

[D^A + X)] (Y)-[DW<KA)] (Y) 

/oo r-t p/3 

<f>(t)dt d/3{ \ dv e HA+X) x ^- V )A Y ^t-P)(A+X) 
-oo JO Jo 

+ f " dv jf>A Y ju{A+X) x j{t-P-v)A} 

Jo 

and one can verify as before that 

|| [D^UiA + X)] (Y)-[D^<f>(A)] (Y) 

/oo pt p/3 

4>(t)dt d/3 { dv e ^ Xe Hp- V )A Y ^(t-P)A 
-oo Jo Jo 

+ t ^ ^ a y^ a x^-^ a \\\ 



/oo 
\<j>(t)\ (1 + |t|) e+2 dt (for some e > and some constant K = K(e)), 
-oo 

proving the expression for [D^ 0(A)] (X,Y). □ 

Theorem 3.2. Let A be an unbounded self-adjoint operator in a Hilbert space H, V be a 
self-adjoint operator such that V G B^{T-L) and furthermore let <fi e «S(R) (the Schwartz class 
of smooth functions of rapid decrease). Then 



<j>(A + V)- (j>(A) - [D^cP(A)] (V) - X - [D^<f>(A)] (V, V) e B 1 (H) and 
<f>(A + V)- 4>{A) - [D^U(A)] (V) - \ [D^cf>(A)} (V, V) 

/oo pt pi ps 

i 2 4(t) dt dv ds dr Tr \y e ^-)^ v ^A T _ v ^t- v )Ay^ 
-oo Jo Jo Jo 



where A T = A + rV and < r < 1 . 

Proof. Since [0, 1] 3 s — > e ltAs is £> 3 ("H)-continuously differentiable, uniformly in t, 



/oo 
4>{t) dt [e i * (A+1,) - e itA ] - [DW<j>(A)] (V) 
-oo 

/oo pi j poo pt 

j,(t)dt ds-^-(j tA *) -i / 4>(t)dt dPe^Ve' 
-oo Jo ds J_ 0O J 

/oo r pi pt pi pt 

4>(t) dt ds dp e ^s iVe Ht-t3)As _ j / ds dp e i/3A VV 
-oo L^O Jo Jo Jo 



i(t-())A 

i(t-/3)A 
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1 rt 



X<t>{t)dt / ds / dP [ e #As V g{t-p)A s _ e tfAy e i(t-0)A] 



oo JO JO 

oo pi pt 



JO 



i(p{t) Q(t) dt, where Q(t) = j ds j dp [e^Ve^'^ - e ipA Ve i{t - p)A ] . 

(3.1) 



As before, r G [0,1] — ► e iPA T y e i(t-p)A T G B 3 {H) is Bz{H)- continuously differentiable, 
uniformly with respect to f3. Then 



Q(t)= [ ds [ dp [ S dr^ (e^Ve^-^) 
Jo Jo Jo dr 

= i f ds f dr [ dp { [ dve^Ve^-^Ve^-^ + [ dve^Ve^Ve^-^}, 
Jo Jo Jo Jo Jo 



where Fubini's theorem has been used to interchange the order of integration. Hence 
<f>(A + V)- <t>{A) - [DV><KA)] (V) - \ [D^<j>{A)] (V, V) 

/oo /*1 ps pt p/3 

\ 2 4>{t)dt ds dr dp{ d!/ [^7^7^ - ^e^e'HM] 
oo Jo Jo Jo Jo 

+ / dv [ e iPA TVe ivA T y e i(t-P-v)A r _ jpAy^Ayjit-p-^A] } 

Jo 

(3.2) 

Though each of the four individual terms in the integral in ( 13.21) belong to Bsi^H), each of 
the differences in parenthesis [.] belong to Bi(T-L), e.g. 

^ e wA T y e i(P-v)A T y e i(t-P)A T _ Q ivAy e i{l3-v)Ay Q i(t-fi)A^ 

_ \^™A T _gi^j y e i{P-")A T y e i(t-P)A T +Q ivAy \^i(l3-v)A T _ e i(^-y)A T j yg(t-P)A T 

+ jV-u)A T y [ e i(t-P)A T _ e i(t-/9)A T ] & 

and its norm ||[.]||i < \r\ \\V\\l {\u\ + \p — u\ + \t — P\}, where we have used the estimate: 
|| e iiM T _ e iyyl || 3 < |^t|||V||3. Hence by the hypothesis on 0, 

<f>(A + V)- 0(A) - [D^cP(A)] (V) - \ [D&<f>(A)] (V, V) e B X {U) and 
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Z = Tr 



cf>(A + V) - <P(A) - [D^^A)] (V) - i [D^<j>{A)] (V, V) 



/oo rl ps pt p/3 

\ 2 4>(t)dt ds dT d/3{ duTr [^ T y e i(P-u)A T y e i(t-P)A T _ e h,A V J(fl-v)A Ve i(t-nA] 
-oo JO JO Jo Jo 



t-0 



+ / dvTr [e 1 ^ Ve iuA ^ Ve^'"^ - e ^Ve iuA Ve i{t -^ u)A ] } . 
Jo 

(3.3) 

Again by the cyclicity of trace and a change of variable, the first integral in {.} in (13.31) is 
equal to 



rP 

/ dv Tr [ e i( '" /3+iy)AT 1/e i(/3 " y)AT V - e i( *~ (8+I/)y Ve i( ' 8 ~ I/)A V'] 
Jo 

rP 

= du Tr [Ve^-^Ve^ - Ve i{t - u)A Ve iuA ] 
Jo 



(3.4) 



Similarly, the second integral in {.} in (13.31) is equal to 



(3.5) 



du Tr [Ve i{t - u)AT Ve wAT - Ve l{t ~ v)A Ve luA ] . 
Combining (13 .4p and (I3.5p . we conclude that 

/oo ^1 ps pt p/3 

i 2 <j)(t)dt ds dr d/3 { dvTi[Ve l{t - v)AT Ve wA ^ -Ve l{t ~ u)A Ve lvA ] 
-oo Jo Jo Jo Jo 

rt-fi 

+ / dv Tr [Ve i{t ~ u)AT Ve iuAT - Ve i{t ~ u)A Ve i,/A ] } 
Jo 



(3.6) 



By a change of variable and the cyclicity of trace, we get that 

* / dvTr [Ve i{t - u)AT Ve iuAT - Ve i{t ~ u)A Ve iuA ] 
Jo 

r t f p 

= d/3 { duTr [Ve^-^Vj^ - Ve l{i ~ v)A V^ vA ] 
Jo Jo 

pt-p 

+ du Tr [Ve^-^Ve 1 ^ - Ve^ u)A Ve il/A ]}, 



using which in (13.61) we are lead to the equation 

/oo pt pi ps 

i 2 tj>(t)dt du ds dr Tr [Ve^^Ve^ - Ve l{t ' u)A Ve lvA ] , (3.7) 
-oo Jo Jo Jo 

by an application of Fubini's theorem. □ 
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Theorem 3.3. Let A be an unbounded self-adjoint operator in a Hilbert space % with o~(A) C 
[b, oo) for some 6g1 and V be a self-adjoint operator such that V £ B 2 j(K). T/ien t/iere 



exist a unique real-valued function rj £ L 1 



v ' (1+A 2 )!+ 

£ «S(R) (^/ie Schwartz class of smooth functions of rapid decrease) 



(for some e > 0) such that for every 



Tr 



4>{A + V)- <P(A) - [D<»<KA)] (V) - \ [D®<f>(A)] (V, V) 



(j)'"{\)n{\)d\. 



Proof. Equation (13. 7p . after an application of Fubini's theprem, yields that 

1 



Z = Tr 



0(A + V) - (P(A) - [D^^A)] (V) - - [D^<j>{A)\ (V, V) 

pi ps poo pi 

= ds dr i 2 4(t)dt / dvTi[Ve l{t - v)AT Ve wA ^ -Ve l{t - u)A Ve lvA ]. 

Jo JO J-oo Jo 

(3.1 



Now 



/ dv Tr [Ve l{t ~ u]AT Ve lvAT - Ve i{t - u)A Ve [uA ] 
Jo 



dv 



e i(i-,)A e i^ Tr [VE T (dX)VE T (dii) - VE(d\)VE(d^)} , 

(3.9) 



where a = min{fe, inf o~(A T ) [0 < r < 1]} and E T (.) and E(.) are the spectral families 
of the operator A T and A respectively and the measure Q : A x 5 C Borel(M. 2 ) — > 
Tr [V E T (A)V E T {$) — VE(A)VE(5)} is a complex measure with total variation < 2 
and hence by Fubini's theorem the right hand side expression in (I3.9P is equal to 



OO POO ft 



oo poo gitA gW^i 



a J a 



dv e Kt-«)^ Tr [VE T (d\)VE T (dfi) - VE(dX)VE(d^)} 
Tr [VE T (dX)VE T (d/j) - VE(dX)VE(d^)} 



i(A-/u) 

1 ps poo poo 

ds dr i 2 4(t)dt / te ia Tr [Vf T £ r (dA) - Vf £(dA)] 

J J — oo J a 

Ti{V 2T E T (dX)V 2T E T (dfi) - V 2 E(dX)V 2 E(dti)} 

(3.10) 



+ / ds dr 



i 2 t<j>(t)dt 



oo poo gitA git/i 



la i(A - //) 

where we have set V = V\ © V-j = Vi T © V 2t £ B 2 ('H) as in Lemma 12.31 Applying 
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Fubini's theorem in the first expression in right hand side of (I3.1UI) , we conclude that 

pi PS P DC POO 

ds dr i 2 t<j)(t)dt / te itA Tr [V? T E T (dX) - V?E{d\)\ 

JO JO J-oo Ja 

pi ps poo 

= ds dr 0"(A) Tr [V? T E T (dX) - V?E{dX)\ 

Jo Jo Ja 



coo 



= / ds I dr </»"'( A) Tr [V?E(\) - V? T E T (\j\ dX, 

Jo Jo J a 

where we have integrated by-parts and observed that the boundary term vanishes. Thus the 
first term in (13.10P is equal to 

pi ps poo 

ds dr (j)"'(X) r) lT {\) dX, where rj lT {X) = Tr [V?E(X) -V? T E T (X)] . (3.11) 

Jo Jo Ja 

Now consider the second expression in the right hand side of (I3.10P : 

pi ps poo poo poo itA pitfi 

ds dr i 2 4{t)dt / — Tr [V 2T E T {dX)V 2r E T {dn) - V 2 E(dX)V 2 E(d^i)} 

Jo Jo J-oo Ja Ja K<* _ N 

(3-12) 

Since V 2r G Ker LM^^-i j = Ran \ M.* A +i yi) — R- an f-^(^-i)- 1 ) 5 there exists 

a sequence {V^} C Ran (jM (Ar _ r i) i.e. = (A T -\y l Y^ - (A T - i)' 1 for 

some G £> 2 ("H) such that — > V 2r in ||.|| 2 . Similarly, there exists a sequence 

{K, (n) } C Ran (M (A _ r A i.e. F 2 (n) = (A - i)" 1 F (n) - F (n) (A - i)" 1 for Y (n) G 8 2 (ft) such 

that — > V 2 in ||.|| 2 . Furthermore, by lemma [2T31 (vii) (b) . the map [0, 1] 9 r — y lr , V 2r 
are continuous. Thus the expression in (13.121) is equal to 

pi ps poo poo poo it\ pit/i r 

ds dr i 2 tkt)dt / / — lim Tr V 2T E T (dX)VS ) E T (d/i) - V 2 E{dX)V^ n) E{d^) 

Jo Jo J-00 Ja J a H A ~ N n ^°° L 



fl /■« poo poo poo ifA „it(i 



ds / dr / i 2 t<£(t)dt lim / / — Tr V 2T EJdX)v£ ] EJdfi) - V 2 E(dX)V 2 {n) E(du) 

Jo J-00 n ^Ja J a HA-//) L " 

(3.13) 

since Var [p^ - &) < \\V 2r \\ 2 ||V 2 ( T n) - V 2r \\ 2 + ||y|| a \\V 2 - V 2 (n) \\ — > as n — )• 00, 

where £ 2 (A x 5) = Tr [K 2r £ T (A)y 2T £ T (<5) - y 2 £(A)y 2 £(5)] and 0< n) (A x 5) is the same 
expression with second V^-terms replaced by V 2 . These are complex measures on IR 2 and 
Var \ — Q 2 ^j is the variation of — Q 2 \ . Note that 

Tr (v 2T E T (dX)V 2 [ ?E T (d^ = Tr (V 2r E T (dX) [(A T - i)" 1 - (A T - i)' 1 } E T (d^} 

~ ! A ~ J Tr (V 2T E T (dX)Y^E T (dfj,)) 



(A-i)(A*-i) 
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and since \t(j){t)\dt < oo and the other functions are bounded, the right hand side 
expression in (13. 13|) is equal to 



ds / dr lim / i t(p(t)dt 
o Jo n ~> c ~ 



coo poo itX git/i 



-(A - At) 
a 7a i( A - A*) L( A -i)(^-i) 




Tr{^ 2r £ T (<iA)y (n) £ r (c^) 

- ^E(rfA)r (ri) E(d/i)} 



/»1 /*£ /'OO /'OO /*oo 

ds dr lim / -i4(t)dt / / [e ia - e^l Tr{y 2T £ r (dA) (A T - i)" 1 F (ri) (A, - i)" 1 E T (dfi) 

JO Jo n -*°°J-oo J a J a 

- V 2 E(d\) (A - i)" 1 Y {n) (A - i)" 1 E(dfi)} 



o Jo 



ds / dr lim 



-it<j>(t)dt 



e iU Tr ( K 



2r 



I', 



^(rfA),y (n) 



(3.14) 



where = (A T - i) _1 (A T - i)" 1 and Y H = (A- i)" 1 F (ri) (A - i)~\ Again by 

applying Fubini's theorem the right hand side expression in (13.141) is equal to 



ds / dr lim / -(j)'(X) Tr [V 2t 
Jo n ^°° 



E(d\),Y (n) 



and by integrating by-parts twice and on observing that the boundary term vanishes, this 
reduces to 

f ds ('dr lim -{0'(A) Ti(V 2T [E T (X),Y^}-V 2 [E(\),Y in) }) \<? =a 
Jo Jo n ^°° 

-<j>"{\) Tr (V 2T [e t (\),Y^ 
ds I dr lim / 0"(A) Tr (v 2r \E T (\),Y (n) ] - V 2 

Jo n ^°° Ja V L J 

f dsTdr lim {0"(A) / Tr(F 2T [E T ( M ),yW]-F 2 [^),F (n) ]) ^ir=a 



i?(A),lo (ri) 



E(A),y (n) l)rfA} 



d\ 



Tr(V 2T 



Vo 



E(fi),Y (n) ] ) dfi ) d\} 



ds / dr lim 



l 

o Jo 

1 PS 

ds / dr lim 

Jo n ^°° 



0"'(A) 



Tr y 2 



V 5 



2r 



E T (fx),Y {n) ])dfi) d\ 



<T(A) q£>(A) rfA, 



(3.15) 



where r]^\\) = I Tr ( V 2 



^2r 
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EM,Y^ )dfji 



Here it is worth observing that the hypothesis that A is bounded below is used for the first 
time here, only for performing the second integration-by-parts. Combining (13. lip and (13. 15)) . 
we conclude that 



Tr 



4>{A + V)- <P(A) - [DW<KA)] (V) - \ [D^m] (V, V) 



where t]t (A) = Vir(X) + ^'(X). We claim that {r]r n> } is a cauchy sequence in 



» 



ds I dr lim 

n~ >oo 
(n)- 



f{X) vi n) (X) dX, 



(3.16) 



dX 



(l+A^) 



[e > 0) and we follow the idea from [6]. First note that 

L°°(R, dX) = L°°(R, ijj(X)dX) [ where "0(A) = ( 1+A 2)i+ e ] since the two measures are equivalent. 
Next, let / e L°°(R,dX) and define 



<7(A) 



f(t)ip(t)dt for AgM, then g is absolutely continuous with 



g'(X) = —f(X)ip(X) a.e. and that \g(X)\ < Const. 1 i , (for some e' > 0) for A — > oo 

and bounded. Next consider the expression 



/(AM A) [rfr\\) - tjM(A)] dX = / /(A)^(A) vt\X) - r£\\) 



dX 



-g'(X) dX 



Tr[V 2 



V 2T 



E r (fi),Y^-Y^ )dfi), 



which on integration by-parts and on observing that the boundary terms vanishes, leads to 



g(\)Tr[V 2 \E(X),Y (n) -Y (m) 



2t 



E t (X),Y^ - y-H ) 



dX. 



(3.17) 



Define 



h(X) — / g(t)dt for A 6 [a,oo), then h is bounded, differentiable [a, oo) 

J a 

with h'(X) = g(X) V A G [a, oo). Hence by integrating by-parts and observing that the 



21 



boundary term vanishes, the right hand side expression in (I3.17P is equal to 



h'(\)Tr(V 2 \E(X),Y (n) -Y (m) 



-Vo 



2t 



E T (X),Y {n) -Y {m) ) 



dX 



h(\)Tr(V 2 \E(\),Y (n) -y M 



2r 



E T (X),Y {n) 



m) 



I oo 
I A=a 



h(X)Tr[V 2 \E(dX),Y (n) -Y (m) 



2t 



E T (dX),Y {n) -Y (m) ) 



/i(A) Tr (V 2t [^ T (dA), - y (m) 



E(dX),Y -Y 



Tr[V 2T 



h(A T ),Y^ n) -Y {m) 



Vo. 



h(A),Y in) -Y im) 



(3.18) 



But on the other hand, 



h(A),Y {n) 




'a J a 



[h(X) - h(^)]E(dX)Y v ' E(dfi) 

noo 
[h(X) - %)](A - i)- 1 ^ - i)- 1 i?(dA)y (ri) J B(^) 

h{X) - %) 



oo /-oo 




a J a (A - i) 1 - O - i) 



— (X-ir'^-ir'EidX^E^) 



and hence 




Therefore 
Tr(V 2 



^),y w -y w ' 



OO /"OO 




3 h(X) - 
A — /i 

h(A) - 
A — /i 



E(dX)V^ n) E(dii) 



Tr ^ 2 £(dA) 



7 2 (n) - F 2 (m) 



and hence as in Birman-Solomyak ([2], [3]) an d in [I] 



E(dfi) 
(3.19) 



Tr (v 2 \h{A), y (n) - y (n) 

and hence 

/."/(A^A) ^ B) (A)-^ m) (A) r/A 



< 



^(n) _ ^(m) 



< 



L 1 



y(n) _ y(m) 



+ 



^2r k 2t 



i.e. 



lW B) -^ m) ||^(A)dX)< 



L 1 



^(n) _ y(m) 



T/M T/( m ) 
V 2r |/ 2r 
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which converges to as m, n — > oo and V r G [0, 1]. A similar computation also shows that 
lkr n) |Ui(R,v>(A)dA) < 2 ||^||li IIVIH, independent of r and n. Therefore {Jq ds f°dr r] ( T n \X) = 
V W} 18 a l so cauchy in L 1 (IR, ip(X)dX) and thus there exists a function r\ G L 1 (M, ip(X)dX) 
such that \\rj^ — r)\\Lim,MX)dX) — ► as n — > oo, by the bounded convergence theorem 
and hence also ||?7||Li(R,^(A)dA) < II^IU 1 ll^lli- Therefore by using the Dominated Convergence 
theorem as well as Fubini's theorem, from (I3.16P we conclude that 



Tr 



4>{A + V) - <j>(A) - [D^^A)] (V) - ~ [D^^A)] (V, V) 



<f)"'(X)r]{X)dX. 

□ 



The proof of the uniqueness and the real-valued nature of r\ is postponed till after the 
corollary 13.41 

Corollary 3.4. Let A be an unbounded self-adjoint operator in a Hilbert space % with 
^(A) C [b, oo) for some b G R and V be a self-adjoint operator such that V G B<i{H). Then 
the function r] G L 1 (M, ip(X)dX) obtained as in theorem HOI satisfies the following equation 



f(X^(X) V (X)dX 

= I ds f dr f°° k ^ X \ - k ^ Tr [VE(d\)VE(dfi) - VE T {d\)VE T (dfi)] 

JO JO Ja Ja X — fl 

where /(A), g(X), h(X) and ip(X) are as in the proof of the theorem \3. 3[ 
Proof. By Fubini's theorem we have that 

/»1 ps poo 

f(X)iP(XW n \X)dX= ds dr /(A)V(A) i& T (A) +i&>(A) 



(3.20) 



dX. 



But 



poo 

f{X)i>(X)r) lT {X)dX = / -^'(A)Tr [V^E(X) - Vj* T E T (X)] dX, 

J a 

which by integrating by-parts and observing that the boundary terms vanishes, leads to 

POO 

/ g(A)Tr [V?E(dX) - V? T E T (d\)] = Tr [V?h'(A) - V^h'^AA] , which 

J a 



by lemma 12.31 (ii) is equal to 

r k ^ X \ - k ^ Tr [V^idX^Eid^i) - V lT E T {dX)V lT E T {dfi)] . (3.21) 

Ja Ja X — H 

23 



Again by repeating the same calculations as in the proof of the theorem 13.31 we conclude 
that 

[°° f(X)^(X)rj^(X)dX = [°° [°° k{X \ ~ W Tr \v 2 E(dX)V 2 {n) E(dfi) - V 2T E T (dX)V^E T (dfi) 

J a J a J a A — (J, L 

(3.22) 

Combining (13.211) and (I3.22[) we have, 

oo 

f(X)^X)^ n \X)dX 

oo 

= f ds f dr r r HX l - W Tr[(V! © V 2 )E{dX) (v, © V 2 (n) ) E(du) 

J0 J0 J a J a X — U V / 

- (V lT © V 2T )E T (dX) (v lT © F 2 ( r n) ) E T (dfj,)]. 

(3.23) 

But by definition V 2 {n) ,V 2 { ? converges to V 2 ,V 2r respectively in ||.|| 2 and we have already 
proved that r/ n ) converges to rj in L 1 (M, ip(X)dX) .Hence by taking limit on both sides of 
fl3T23|) we get that 



f(X)^(X) V (X)dX 

"1 PS POO POO 



(3.24) 



= [ ds f dr I" Tr [VE(dX)VE(dfj) - VE T (dX)VE T (dfi)} , 

Jo Jo J a J a A — ^ 

where we have used the fact that 

Var (g { 2 n) - < \\V\\ 2 (\\V£ ] - V 2T \\ 2 + \\V 2 - V 2 {n) \\) — > 0, and that \\h\\ Up < < 



□ 



Proof of uniqueness and real-valued property of 77; For uniqueness in theorem 13.3 
let us assume that there exists 771,772 £ L 1 (R, ijj(X)dX) such that 



Tr 



<t>{A + V)- cP(A) - [Dto<KA)] (V) - ~ [D^^A)] (V, V) 



, "(A)77 i (A)(iA 



for j = 1,2. Then using corollary 13.41 we conclude that 

'1 PS POO POO 



f(X)^j(X)rj j (X)dX= [ ds [ dr [ [ ^ ^ Tr [V E{dX)V E{du) - VE T {dX)VE T (du)) 

Jo Jo J a J a A — U 
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for j = 1, 2 and for all / G L°°(R). Hence 

/ /(A) V(A) 77(A) dX = V / G L°°(R), (3.25) 

where 77(A) = 771(A) - 772(A) G L X (R, -0(A)dA). Since (13725]) is true for all / G L°°(R), in 
particular it is true for all real valued / G L°°(R) i.e. 

/ /(A) ^(A) 77(A) rfA = V real valued / G L°°(R). (3.26) 
Jr 

Let 77(A) = r]Rei(X) + i rj Img (X), where r]R e i(X) and rj Img (X) are real valued L 1 (M, ip(X)dX)- 
function. Hence from (13. 26p , we conclude that 

f f(X) V(A) VRei(X) dX = 0= [ /(A) ^(A) 77 /mg (A) dX V real valued / G L°°(R). 
Jr 

(3.27) 

In particular if we consider /(A) = sgn r]R e i(X), where sgn r] Re i(X) = V A such that 
VRei(X) = ; sgn n Re i(X) = 1 V A such that 77^ (A) > ; sgn n Rd (X) = -1 V A such that 
VRei(X) < . Then / = sgn nR e \ G L°°(R) and hence 

/ \VRei(X)\ \4>{X)\ dX= sgn n Rel (X) n Re i(X) ip(X)dX = 0, 
Jr Jr 

which implies that |?7Rez(A)| |'0(^)l = a - e - an d hence f]R e i{X) = a.e.. Similarly by the 
same above argument we conclude that i]i mg (X) = a.e. and hence 77(A) = a.e.. Therefore 
771(A) = ?72(A)a.e.. Again, since the right hand side of (I3.20p is real for all real valued 
/ G L°°(R), by a similar argument as above, it follows that 77 is real valued. 
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